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Let m be a positive integer and let Ω be a finite set. The m-closure G(m) of a permutation group
G ≤ Sym(Ω) is the largest permutation group on Ω having the same orbits as G in its induced action on
the cartesian power Ωm. The m-closure of a permutation group can be considered as the full automorphism
group of the set of all m-ary relations invariant with respect to G. So one of the motivations of studying
m-closures comes from a computational problem in which one needs to find efficiently the automorphism
group Aut(S) of a given set S of relations (generally speaking of different arities). In the case when all
the relations of S are binary, this problem is equivalent to the famous Graph Isomorphism Problem and
can be solved by the Babai algorithm [1] in quasipolynomial time in the size of S. It is currently unknown
whether the automorphism group of a graph can be found in polynomial time.

The notion of m-closure were suggested by Helmut Wielandt in the framework of the method of
invariant relations which he considered as the one of main tools for studying actions of a group on a set,
see [2]. In view of [2, Theorem 4.3],

Sym(Ω) ≥ G(1) ≥ G(2) ≥ · · · ≥ G(m) = G(m+1) = · · · = G, (1)

for some m < degG, so the closures of the group G can be considered as its successive approximations.
It is clear that G(1) hardly provides a nice approximations of G, because the 1-closure of any transitive

group is the full symmetric group Sym(Ω) (the same holds true for the m-closure of any m-transitive
group for all m). However, for m ≥ 2, if G is an abelian group (respectively, a p-group, a group of odd
order), then G(m) is an abelian group (respectively, a p-group, a group of odd order), see [2]. Recently, it
was proved [3] that a similar statement is true for solvable groups if m ≥ 3 (the example of 2-transitive
solvable groups shows that m = 2 cannot be taken here).

From the computational point of view, the m-closure problem consists in finding the m-closure of a
permutation group given by its generating set. Polynomial-time algorithms for finding the m-closure were
constructed for the nilpotent groups [4], groups of odd order [5], and supersolvable groups [6].

Quite recently we solved the problem of finding m-closure for solvable permutation groups provided
m ≥ 3 [7]. The proof was based on the above mentioned result [3]. One of the key ingredients of the
algorithm depends on controlling the order of the m-closure of a primitive group lying in the class under
consideration. It follows from the main result of [8] that there is a polynomial upper bound on the order
of a primitive group if its nonabelian composition factors are restricted. Thus, a natural generalization
of our result on solvable groups would be the transition from the class of solvable groups to the class
of groups with restricted nonabelian composition factors. The following result obtained jointly with Ilia
Ponomarenko and Saveliy Skresanov is a step in this direction. Recall that a group G is Alt(d)-free, if G
does not contain a section isomorphic to the alternating group of degree d.

Theorem. If G is an Alt(d)-free group for d ≥ 25, then G(m) is Alt(d)-free group for m ≥ 4.

Note that the constant 4 in the theorem is the best possible and, if m = 4, then the same holds true
for the constant 25, as the following examples show:

(i) The affine group G = AGLn(2) is 3-transitive in its natural action on a linear space of dimension
n ≥ 2 over the field of order 2. It follows that G(3) = Sym(2n), so the theorem does not hold for m ≤ 3.

(ii) The Mathieu group G = M24 is Alt(9)-free and acts on 24 points 5-transitively, so G(4) = Sym(24)
is not Alt(24)-free.
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