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The talk is based on the join work with Olga Oshmarina (Novosibirsk State
University):

O. Oshmarina, A. Vesnin, Polynomials of complete spatial graphs and Jones
polynomial of related links. arXiv:2404:12264, 28 pp.
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Knots and their diagrams

Knot is an embedding of S' in S3. Two knots K and K’ are equivalent if there
is an ambient isotopy hy, t € [0, 1], of S* such that ho(K) = K and hy (K) = K'.
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Enumeration of knots by number of crossings was started by Tait in1890.

There are more than 350 millions of knots with at most 19 crossings.
[Picture from S.D.P. Fielden, D.A. Leigh, S.L. Woltering, Molecular knots. 2017]
[B. Burton, The Next 350 Million Knots, 2022.]
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Links and their diagrams

Link is an embedding of a finite number of disjoint copies of S! in S3.

@ D &3

Hopflink/2; ~ Solomon link /4,  Star of David /6,

® & €

Borromean ring / 6: Cyclic [3]catenane/6: Composite link /973

Links admitting diagrams with small number of crossings.

Two links are said to be equivalent if they are ambient isotopic.

[Picture form G.-H. Guo, Y. Jiao, Y. Feng, J.F.Stoddart, The Rise and Promise of Molecular Nanotopology. July 2021]
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Reidemeister moves for diagrams of knots and links

Theorem (K. Reidemeister, 1927)

Two links K and K’ in S? are ambient isotopic if and only if a diagram of K can

be transformed into a diagram of K’ by a finite sequence of moves among
(D—(11) and plane isotopy.
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States of a knot diagram

Let K be a link. Let D be a diagram of K. Assume that D has n crossings.
For any crossing z € D define local transformations of D: A-split and B-split:

\A ) ( \_/
BAB — Al : B
z A-split B-split

After splitting in all crossings of D we get a state S that is a collection of
closed curves on a plane.

For any state S let a(S) be number of A-splits, b(S) number of B-splits, and
|S| number of connected components of S.

Observe that a(S) + b(S) = n and diagram D has 2" states.

Such (A, B)-labeling in a crossing point was used by Gauss'’s student
Johann Benedict Listing in his book «Preliminary studies on topology», 1847.
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Example: a trefoil knot

Consider (A, B)-labelling for a diagram D7 of the trefoil knot T:

A A
B 3 B B
A A
B
B
Labelling of Dr. A state S of Dr.
Define a «bracket» polynomial

(Dk) = Z:Aa(S)Bb(S)dIS\7
s

where the sum is taken over all states of a diagram Dy of a knot K.
For D7 we have 2° states and

(D7) = A’d® + 3A%Bd + 3AB*d” + Bd°.
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Jones polynomial of a link

To make (D) invariant under Reidemeister moves suppose B = A~! and
d = —(A% + A=2). Then (Dg) is called the Kauffman bracket polynomial.

Give an orientation to link K and define writhe number of D by
w(Dk) = 3", e(c) where sum is taken over all crossings.

X £(c) = +1 X‘ £(c) = -1

Theorem (L. Kauffman)
Let Dk be a diagram of oriented link K C S3. Then Laurent polynomial

(Dk)

V(DK A) = (=A™ =

is an invariant of a link K under an ambient isotopy.

Denote t = A=%. Then Vk(t) = V(K;t~'/%) € Z[t*'/?] is the Jones polynomial.

Vaughan Jones was awarded the Fields medal in 1990.
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Spatial graphs (knotted graphs)

Let G be a graph with finite set V of vertices and finite set E of edges.
Loops and multi-edges are admitted in G.

An embedding f: G — S? is called a spatial embedding of G, and G = f(G) is
called a spatial G-graph.

If v is a cycle in G then its spatial embedding f(~y) is a knot in S3.

If A = a U § is a couple of disjoint cycles in G then its spatial embedding f(\)
is a 2-component link in S3.

Thus, the theory of spatial graphs is a natural extension of the knot theory.

We will work in the piecewise-linear category and graphs are considered to
be 1-dimensional finite topological complexes.

Spatial graphs G and G’ are said to be equivalent if there is an ambient
isotopy of S? which transforms G into G'.
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©-graph and spatial ©-graphs

Even if an (abstract) graph is simple combinatorially, its embedding to S? can
be very complicated topologically.

Let © be a theta-graph and G be a spatial ©-graph.

€1
2 O o
3

For e1, e; and e3, edges of a ©, the images K; = fleo U e3), Ky = fle; U e3),
and Ks = f(e; U e2) are said to be constitute knots of the spatial graph G.

Theorem (K. Wolcott, 1986)

For any three given knots K;, Ks, and Kj there exists a spatial ©-graph G
such that these knots are realized as constitute knots of G.
Moreover, knots K, K5, and K5 do not determine spatial ©-graph uniquely.

[Keith Wolcott, The knotting of Theta-curves and other graphs in S3, Thesis, U. lowa, 1986]
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O-graphs with at most 5 crossings in a diagram

S Y Y ®®
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@3@@7%%%‘?

O11 O12 O3 O

[J. Simon, A topological approach to the stereochemistry of nonrigid molecules, Graph theory and topology in chemistry, 1987.]

[H. Moriuchi, An enumeration of theta-curves with up to seven crossings, JKTR 2009, 18(2), 167-197.]
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Additional Reidemeister moves for spatial graphs

Theorem (L. Kauffman, S. Yamada, 1989)

Two spatial graphs G and G’ in S? are ambient isotopic if and only if a diagram
of G can be transformed to a diagram of G’ by a finite sequence of moves
among (1)—(VI) and plane isotopy.

......

----------

---------------
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e Knots and Links in Spatial Complete Graphs
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Existence of knots and links in a spatial complete graph

If a graph is “large enough” combinatorially, then any embedding is "knotted”.
Let K, be a complete graph with n vertices. A graph is complete if any two
vertices are connected by edge, so K, has ”(”T_l) edges.

Theorem (J. Conway, C. Gordon, 1983)

(1) Each embedding of K¢ in S? contains a pair of cycles which form an
unsplittable 2-component link.
(2) Each embedding of K5 in S? contains a cycle which is a non-trivial knot.

A spatial graph G is said to be splittable if there exists a 2-sphere Sin S3\ G
which splits S* into 3-balls B} and Bj with both B NG and B3 N G nonempty.
Otherwise G is said to be unsplittable.

S ISP
3 6 \I 3
<,

N\
[J. Conway, C.McA. Gordon, Knots and links in spatial graphs, J. Graph Theory, 1983, 7, 445-453.]
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Complete graph K, and its embeddings

Graph Kj.

ANA A ANA

Seven cycles in K.

Theorem (M. Yamamoto, 1990)

Letcy,...,c; be the seven cycles in Ky. For any ordered 7-tuple (K, ..., Ky;)
of knots, there is a spatial embedding of K4, such that cycles (c,...,c7) are
embedded as knots (K, ..., K7).

[M. Yamamoto, Knots in spatial embeddings of the complete graph on four vertices, Topology Appl., 1990, 36(3), 291-298.]
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Table of spatial K;-graphs with at most 4 crossings in a diagram

NS RN Ia)
DPYYE

[J. Simon, A topological approach to the stereochemistry of nonrigid molecules, Graph theory and topology in chemistry, 1987.]
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e Polynomial Invariants of Spatial Graphs
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States of a spatial graph diagram

Let G be a spatial graph. Let D be a diagram of G.

For any crossing z € D we define three local transformations of D:
s -split, s_-split, and sy-split:

After splitting in all crossings of D we get a state that is a plane graph.
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Yamada polynomial H(G) of a graph

Let G = G(V, E) be a (combinatorial) graph, possibly with loops and multiply
edges, where V = V(G) is the set of vertices and E = E(G) is the set of
edges.

Denote the number of connected components by w(G) and the 1-st Betti
number by
B(G) = |E(G)| - [V(G)] + w(G).

Definition
For a graph G define Laurent polynomial H(G; A) in A by

HGA) = > ()P (—A-2-AHEP,
FCE(G)

where F passes over all subsets of E(G).

Here G — F is a graph with the vertex set V(G) and the edge set E(G) — F.
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Some properties of H(G)

Let G = (V, E) be a finite graph. For edge e € E(G) denote by G — e a graph
obtained by deletion of e, and by G/e the graph, obtained by contraction of e.

u e v

- N

u u=v
—e

The following properties of H(G) hold.
1°. H(G) = H(G/e) + H(G — e). (The same as for the Tutte polynomial!)
2°. If G and G’ be homeomorphic graphs, then H(G) = H(G’).
3°. If GU G’ is a disjoint union of graphs, then H(GU G’) = H(G) - H(G').
4°.If G- G’ is a union along one vertex, then H(G - G') = —H(G) - H(G").
5°. If G has a isthmus, then H(G) = 0.
6°. Let L, be the one-vertex graph with g loops, then
H(Lg) = (1) A+ 1+ A1),
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States and Yamada polynomial of a spatial graph

Assume that diagram D of a spatial graph G has n crossings. Let S be a state
of D, i.e., a plane graph, obtained by applying splits to all crossings of D.

Let U(D) be the set of all states of D. Obviously, |U(D)| = 3".

Suppose that state S is obtained from D by applying m; (S) s-splits, my(S)
s_-splits, and so, by (n — m1(S) — m2(S)) so-splits.

Definition

Yamada polynomial Y(D) of a spatial graph diagram D is a Laurent
polynomial in A, defined by

Y(D) = Y(D;A) = Y AMEOTmOH(S;A).
Seu(D)

For the empty graph we suppose Y(0) = 1.
If diagram D of G has no crossings, then we get Y(D) = H(G; A).

[S. Yamada, An invariant of spatial graphs, J. Graph Theory, 1989, 13, 537-551.]
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Invariance of Y(D)

Maximal degree of a graph is the maximum of degres of its vertices,
max{deg(v)|v € V(G)}.

Theorem (S. Yamada, 1989)

(1) If diagrams D and D’ are equivalent under generalized Reidemeister
moves (1) — (V), then Y(D) and Y(D’) are equal up to a multiplier (—A)*
for some integer k.

(2) Let D and D’ be diagrams of spatial graphs of maximal degree at most 3.
If diagrams D and D’ are equivalent under generalized Reidemeister
moves (1) — (VI), then Y(D) and Y(D') are equal up to a multiplier (—A)*
for some integer k.

If D is a diagram of a spatial graph G we will denote Y(D) by Y(G).

[S. Yamada, An invariant of spatial graphs, J. Graph Theory, 1989, 13, 537-551.]
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Yamada polynomials of spatial K;-graphs with at most 4 crossings

Yamada polynomials of above pictured spatial K4-graphs Q;,..., Q9 are
presented in the table.

Graph G Yamada polynomial Y(G)
(o} A3 42A4+2A" 14 AT3
Qo ABHLACLAS AL L A3 2A% LA 1H+A I LA 2 LA TS FATALAT®
Qs 2A8 4 AT L AS _2A% 4 AT _3AT2_A"34AT
Q4 AB_ATHAC AL AS AT L A2 AT AT _ATA_AS
Qs AB_ATHAS A A —2A% 4 A—142A L A2 H2A 3 ATA42ATO AT
Q6 AT —AS AL L AZL3AL3A T A 2 A TS AT AT AT AT A0
Q7 —AB AP LAY L AL BA4BAT I AT LATE AT A8
Qg A% —ABL2AS _AS LAY L oA _AZL2A 24 AT AT A3 oA 44 oA T
Qo —AB AT A4 2A 4 2A—142A L —AT 2L AT AT AT FATO AT AT AT
Q10 A% —AB L AT AP LA 2A42A T L ATA AT AT A8 LAY

[A. Vesnin, A. Dobrynin, The Yamada polynomial for graphs, embedded knot-wise into three-dimensional space, Vychisl. Sistemy,

155 (1996) 37—86. (in Russian). An English translation is available at https://www.researchgate.net/publication/266336562.]
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Zeros of Yamada polynomials

Theorem (M. Li, F. Lei, F. Li, A. Vesnin, 2019)

The set of zeros of Yamada polynomial of all spatial graphs is dense in the
complex plane C.

The proof is constructive, the infinite family of spatial graphs with this property
is constructed.

[M. Li, F. Lei, F. Li, A. Vesnin, On the Yamada polynomial of spatial graphs obtained by edge replacements, J. of Knot Theory and
Ramifications, 2019, 27(9), 1842004.]
[M. Li, F. Lei, F. Li, A. Vesnin, Density of roots of the Yamada polynomial of spatial graphs, Proc. Steklov Institute of Mathematics,

2019, 305, 135-148.]
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o Relations Between Yamada Polynomial and Jones Polynomial
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Jaeger polynomial and Yamada polynomial

F. Jaeger [1997] introduced a Laurent polynomial invariant of a spatial graph
G which can be calculated from its diagram.

We call this invariant Jaeger polynomial and denote it by J(G; A) € Z[A*].

Y. Huh [2024] established the following relation between Jaeger polynomial
and Yamada polynomial.

Lemma (Y. Huh, 2024)
Let G be a planar graph with vertices set V(G) and edges set E(G). Let D be
a diagram of a spatial embedding of G. Then
Y(D; A%)
_(Az +A—2)|E(G)\—|V(G)|+1 :

J(D;A) =

We will use this Lemma as a definition of J(G; A) for G = K.

[F. Jaeger, On some graph invariants related to the Kauffman polynomial, Progress in knot theory and related topics, 1997.]

[Y. Huh, Yamada polynomial and associated link of 6-curves, Discrete Mathematics, 2024, 347, paper number 113684]
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Spatial K4-graph and band diagram

Let G be a spatial embedding of K4, and D be a diagram of G. Taking bands
instead of edges we will get a band diagram which represents a
three-punctured disk S, where D is a spine of S.

Denote L = 39S, then L is a link in S* with four components.
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Seifert linking form

For an oriented surface S let x and y be closed curves on S. Let x™ denote
the result of pushing x a small amount into S* \ S along a positive normal to S
The function

(X1, V1) : Hi(S,Z) x Hy\(S,Z) — Z
defined by ([x], [y]) = lk(x", y) is known as the Seifert form for S.

Theorem (KSWZ, 1993)

Let Gy be a planar embedding of a connected trivalent planar graph G.
Suppose Gy is prime.

(1) If the number of edges in G is at most 6, then for each G there exists a
unique (up to ambient isotopy) surface S(G) with zero Seifert form.

(2) If the number of edges in G is more than 6, then

(i) there exists a G with no S(G) of zero Seifert form;
(i) if there is an S(G) of zero Seifert form, it is the unique such surface.

v

In this sense, spatial K4-graphs are the largest «good» case.

[L. Kauffman, J. Simon, K. Wolcott, P. Zhao, Invariants of theta-curves and other graphs in 3-space, Topology Appl., 1993]
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Surface with zero Seifert form

Fori,j=1,...,6 we denote by w; the sum of signs over all crossings of a;
and a;, in particular, the sum over all self-crossings if j = i.

/\f ) = +1 X 0 =1

[KSWZ]: To obtain a surface with zero Seifert form we start from a band

diagram and apply additional twists with half-ntegers ny, ..., ng such that:
m=—-wn+ %(—W23 — Wos + Wa1 + Wiz + Wis + Wss — Wig + Wsg);
Ny = —Way + %(*W24 + Wiy + Wyp + Waz — Wiz — W3g + Wiz + Wag);
Ny = —Ws3 + 1 (Wsq — Wig + Was + Wog + Wos — Wig + Wiz — Was);
Ny = —Wyq + %(—W24 + W3y — Wyg + W3 — Wag — Wy — Wos + Was);
N5 = —Ws5 + %(—W35 + Wis — Wag + Wig — Wsg — Wag + Wiy — Wys);
Neg = —Wee + %(*Wle‘ + Wag + Was — Wis — Wi + Wag — Wiy — Wyg).
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A link associated to diagram D

Taking above half-integers «twisting parameters» ny, . .., ng we modify
surface S by adding nj-twists on bands.

T =2 =

Let £ = L(n,...,ns) be alink obtained by applying n; full twists as presented.

Alink £ = S is said to be an associated link to diagram D.
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Normalized Jaeger polynomial

Let D be a diagram of a spatial K4-graph gG.
Let ny, ..., ng be twisting parameters for D.
Define a normalized Jaeger polynomial;

(D) _ (7A)8(n1+n2+n3+n4+n5+n6) J(D).

n

Theorem 1 [Oshmarina, V., 2024]

Let G be an embedding of K4 in S?, and D a diagram of G. Then §(D) is an
invariant of G.
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Knots and theta-subgraphs in K,

Consider embedding G of K4 in S3.

AN A~ J N/

Then cycles of K4 are embedded as knots K, . ..

AANAALN

and theta-subgraphs of K4 are embedded as spatial graphs ©4,...,0
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Normalized Jaeger polynomials and Jones polynomial

For a link L C S* denote its Jones polynomial by V(L) € Z[A*1].

Theorem 2 [Oshmarina, V., 2024]
Let G be an embedding of K, in S3. Denote
@ by L the 4-component link associated to a diagram of G,

@ by Ky, ..., K; knots which are embeddings of cycles of K4, and
o by @1, 200
Then

, ©¢ spatial graphs which are embeddings of theta-subgraphs.

e
A
ﬁ \ =
d.?z
C‘?I

i
©?
where p = A% + A=2,
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Normalized Jaeger polynomial and Jones polynomials

Corollary (Oshmarina, V., 2024)
Let G be an embedding of K, in S. Denote

@ by L the associated 4-component link to a diagram of G,
@ by £;,i=1,...,6 associated 3-component links to ©-subgraphs of G,

@ by Kj(g),j: 1,...,7, 2-component links which are 2-parallel to constitute
knots of G with some additional full-twists.

Then
3§
=1 4‘0 Jj=1

where p = A% + A2,
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An example for Theorem 2 (part I)

Spatial K4-graph 5.

a,

Spatial K4-graph €27.

The normalized Jeager polynomial:
I(Q) = _—;(—A?’? — A L ALS L ALZ 4 AT L 3AT + ATI2 - AT20 — AT32),
¥
where p = A% 4+ A2,

Twisting parameters are n; = —1,n, = 1,and n;=0fori=2,3,5,6.
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An example for Theorem 2 (part Il)

The associated link £ to the spatial K4-graph Q5:

@ Jones polynomial V(L) = A% — 2420 1 A22 1 A8 _ 3A1* 1 3A10 _ 3AC
—2A% —2A72 —3A O+ 3ATI0 —3ATM L AT L AT 2470 4 A0,

@ The complement S? \ £ admits a complete Riemann metric of curvature
—1. The number vol(S? \ £) = 18.9807764741 ... is an invariant of ),
under an ambient isotopy.
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An example for Theorem 2 (part Ill)

Six theta-subgraphs ©4, . . .,

D ® .

Theta-subgraph ©;. Theta-subgraph 0. Theta-subgraphs 05, ©3, ©5, Og.

3(01) = —5 (A £ A% L AT L AIO L AS 1 A2 4 A2
©?

%(A24+A12 4 1 +A_8 +A_16 —|—A_2O +A—28 _A—36>
P
1

@2

3(04) =

JO) = A+ A +2+ A1+ AS) for ic{2,3,56}
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An example for Theorem 2 (part IV)

Seven constituent knot Ky, ..., K7.

The knot K; formed by set of edges {2, 3, 5,6} is the figure-eight knot 4,
other knots Ks, ..., K; are trivial knots. Therefore,

‘:j(Kl) = A2 L A22 A2 _ A2 4 A2 A-26 l
@

and
J(Ky) = J(Ks) = J(Ks) = 3(Ks) = J(Ks) = J(K7) = —A2 — A2 ¢ o

Thus, the following relation holds for Q@ = Q:

Vesnin (SIM, NSU, TSU) On Yamada polynomials August 17, 2024 40/41



Thank you for your attention!
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