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Minimum number of disjoint pairs in a uniform family of subsets
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Let [n] = {1,2,...,n} be our underlying set. ([Z]) will denote the family of all k-element subsets of
[n]. A family F C ([Z]) is called intersecting if any pair of its members have a non-empty intersection.
The celebrated theorem of Erdés, Ko and Rado [3] states that if 2k < n, F C ([2]) is intersecting then
FI < (320)-

Therefore if F is larger, then there is a pair of disjoint members. But what is the minimum of the
number dp(F) of the disjoint pairs if |F| is given? This question was solved for the case k = 2 in [1]. List
the characteristic vectors (here two 1’s and n — 2 0’s) of the subsets in a lexicographic order. Then the
minimum of dp(F) is obtained either for the first or for the last |F| members. For arbitrary k the first
result was found in [5] : when |F| = (77}) +1 then dp(F) > ("gﬁ;l) and the corresponding construction
consists of the lexicographically first members. A major step in this direction was the result of Das, Gan
and Sudakov [2]: when |F| = (}~]) +r and n is large enough with respect to r then dp(F) is maximized
for the lexicographically first members, again.

Let DP(F) denote the graph where the vertices are the members of F and two such vertices are
adjacent if the corresponding sets are disjoint. If |F| = (Zj) + 1 then dp(F) = (";ﬁ;l) achieved for a
construction in which the edges of DP(F) form a star. In [4] we proved that excluding this possibility,

k—1
In general we give a good lower bound on the number of disjoint pairs when 7(DP(F)), the minimum
number of vertices covering all edges of 7(DP(F)) is given.

the “second best value"of dp(F) is 2 ((”_k_l) — 1). The number of disjoint pairs is almost the double.
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